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1 Introduction 



The Yangian Y{q) for a semisimple complex Lie algebra q was introduced by Drinfeld as 
a certain deformation of as a Hopf algebra P, [2], |S] (see for recent review 

and IB]). Recently a construction of the special class of infinite-dimensional representations 
of Y{q[{N)) and Y{sl{N)) based on the generalization of the Gelfand-Zetlin construction 
was introduced in [HI (see also |7j). In this paper we generalize this construction to Y{g) 
for an arbitrary semisimple Lie algebra g. This generalization is based on the proposed 
generalization of the Drinfeld realization of Y{Qi{N)) in terms of quantum minors to the 
case of Y{q) for an arbitrary semisimple Lie algebra g. We also construct representations 
of Y{b) where b C g is a Borel subalgebra of g. One should note that not all of the 
considered representations of Y{b) may be hfted to the representations of Y{q). We also 
describe the Poisson geometry behind the constructed representation by defining explicitly 
the symplectic leaves of the classical versions of the Yangians Y{g) and Y{b). The proposed 
description of the symplectic leaves reveals a deep connection with the moduli space of G- 
monopoles, Lie{G) = g. The symplectic leaves as symplectic manifolds turn out to be open 
parts of the moduli space of monopoles with maximal symmetry breaking supplied with the 
symplectic structure introduced in [S] for G = SU{2), in jH] for G = SU{N), and in jTU] for 
an arbitrary semisimple Lie group G. Thus our construction of the Yangian representations 
can be considered as a quantization of the moduli spaces of G-monopoles. 

The results of this paper support the strong connection between quantum integrable 
systems and problems of the quantization of various moduli spaces. The demonstrated 
connection between the Yangian and the quantization of the moduli space of the monopoles 
is a particular example of this deep relation. We plan to consider its implications to the 
theory of quantum integrable theories elsewhere. Let us remark that the connection between 
the Atiyah-Hitchin symplectic structure on the moduli space of the SU{2) monopoles [8^ with 
some particular integrable systems was noted previously in [TTj, [T^ . 

Finally note that the explicit construction of the representations of Y{q) discussed below 
appears to be similar to the constructions of the representations of a class of elliptic algebras 
proposed in jT^j, ^1]. Nevertheless, the main result f Theorem 13. 1|) seems to be new. 

The plan of the paper is as follows. In Section 2 we provide various descriptions of 
the Y{q) in terms of the generators and relations. The construction of Y{q) in terms of the 
generators Ai{u), Bi{u), Gi{u) for a general Lie algebra is proposed. In Section 3, we describe 
a particular class of representations of the Y{q) and Y{b) and give an explicit realization of 
its generators in terms of difference operators. The main result is formulated in the Theorem 
13.11 In Section 4 we discuss the underlying Poisson geometry and provide a description of 
the corresponding symplectic leaves of the classical counterpart of the Yangian. It appears 
that there is an isomorphism between the open part of the symplectic leaves for Y{b) and 
the open part of the moduli space of the G-monopoles with the maximal symmetry breaking. 
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2 The various presentations of Y{q 

We start with the definition of the Yangian for a semisimple Lie algebra g due to Drinfeld 
yy, [2J (see also |T^) in the form given in {17; . 

Let () C b C g be a simple finite dimensional Lie algebra g of rank i over C with a Cartan 
subalgebra f) and a Borel subalgebra b. Let a = \ \aij\\,i,j = 1, . . . , £ be the Cartan matrix of 
g, r be the set of vertices of the Dynkin diagram of g, {oj E T} be the set of simple 

roots and G F} be the set of the corresponding co-roots ( j)). There exist 

positive integers di,. . . ,de such that the matrix ||(ijajj|| is symmetric. Define the invariant 
bilinear form on f)* by (aj, aj) = dittij, then aij = ^^^^y- 

It is convenient to define the generators of the Yangian in terms of the generating series 
Hi{u) , Ei{u), and Fi{u) , i eT: 

oo 



s=0 

oo oo 



(2.1) 



s=0 s=0 



Definition 2.1 The Yangian Y{g) is the associative algebra with generators H'f\E\^\F^^\ 
i G F; s = 0, 1, . . . and the following defining relations 

[H,{u),H^{v)]=Q, (2.2) 
[Hi[u),Ej[v)\ - -— (ai,a/ 



' ' (2.3) 

Hi U 



mu),F,{v)] = ~ih^^^-^^ 5,, , (2.4) 
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[Ei[u),E^[v)\ = - — {ai,ai) , 

[F,{u),F.,{v)] = 

\F(.,\F(.M '^(.. ^. AMu),E,{u)-E,{v)U [Ei'\E,{u)-E,{v)] (2.5) 

[Ei{u), Ej[v)\ = - — [ai, aj) , 

2 u — V u — V 

2 u — V u — V 

^ [E,(m<^(i)), [E,(m<^(2)), . . . , ...]]= , 

^ [F,K(2)), . . . , ...]] = , (2-6) 

O-GSn 

^ 7^ i, n = 1 - , 

where [a, 6]+ := a6 + 6a. 

Denote Y{b) C l^(g) the subalgebra generated by Hi{u),Ei{u), i eT. 

There is another closely related set of generators of the Yangian which were given by 
Drinfeld [H] in the case Y{sl{i+ 1)). Below we propose the generalization of this description 
to Y{q) for an arbitrary semisimple Lie algebra 0. In sequel we will use the following 

k 

convention: Yl fs = 1; for any fs H k < j which help to write down the formulas in a 

s=j 

compact way. 

Lemma 2.1 Any generation series Hi{u) of the form \2.1\) can he represented in the follow- 
ing form 

Yl fl As{u-i^{ai + ras,as)) 

= ^^^^^TTTTT ^ = 1'---^^- ^^^^ 

Ai{u)Ai{u-'^{ai,ai)) 

where Ai{u), i = 1, . . . are formal series Aj(-u) = 1 + ^ Ai'u~'^~^. 

s=0 

Proof: Expanding the left and right hand sides of ()2.7p in powers u"^ and equating the 
coefficients in u~'^~^ one can check that 

Ht^ = Y.a,^A'^:^ + f{^\■■■ .4-"^)- (2.8) 



Since the Cartan matrix is invertible, the statement follows by the induction procedure ■ 



(2.12) 



Let us introduce the generating series Ci{u) and Bi{u): 

B,{u) = dy^Ai{u)Ei{u), Ci{u) = dy^Fi{u)A{u) , leT, (2.9) 

where di = (aj,aj)/2. Due to ()2.7|) . the change of the generators Hi{u) , Ei{u) , Fi{u) to 
Ai{u),Ci{u), Bi{u) is invertible. It is convenient to introduce an additional set of series 
Diiu). For any i G F let 

Di{u) = Ai{u)Hi{u) + C,{u)A-\u)Bi{u) , (2.10) 

where Hi{u) are expressed in terms of Ai{u) in ()2.7|) . Straightforward calculations lead to 
the following statement. 

Proposition 2.1 For any i = the series Ai{u) , Bi{u) , Ci{u) , Di{u) satisfy the rela- 

tions 

[A{u),A^{v)]=0, (2.11) 

[Aiu), B,iv)] = [Aiu), C,iv)] = , (t^j), 
[B,{u), B^{v)] = laiu), C,{v)] = , (a,, =0,t^j), 
[Bi{u),Bi{v)] = [a{u),Ci{v)] = 0, 

{u-v)[Ai{u),B,iv)]=thdi{Biiu)Aiv)-Bi{v)A{u)), (2.13) 

{u-v)[A{u),a{v)] = thd,{A,{u)a{v) - A{v)Q{u)) , (2.14) 

{u-v)[Biiu),Ciiv)] = thdi{A{u)Di{v) - Aiv)Diiu)) , (2.15) 

{u-v)[Bi{u),Di{v)] = ihdi{Bi{u)Di{v)-Bi{v)D,{u)), (2.16) 

{u-v)[Q{u),D,{v)] = tM,{D,{u)Q{v) - D,{v)Q{u)) , (2.17) 

{u - v)[A{u),Di{v)] = ihdi{Bi{u)Ci{v) - Bi{v)Ci{u)) . (2.18) 

In addition, the following analog of the quantum determinant relation holds: 

A{u)D,{u - f («„ «,)) - B,{u)Q{u - f («„ «,)) = 

-a.st (2.19) 

JJ JJ yl,(M - f (cti + ra„ as)) . 

s^i r=l 

The described set of relations between Ai{u), Bi{u),Ci{u) and Di{u) is a generalization of 
the Y{s[{l + 1)) relations of ^H] to the case of Y{q) with an arbitrary simple Lie algebra q. 

By fl2.11|l . the coefficients of the generating series Ai{u), i = 1, . . . ,1 define a commutative 
subalgebra of Y{q). This property will be important in the construction of the representa- 
tions of the Yangian in the next section. 
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3 Construction of the representations of Y{q) and Y{b) 



In this section the exphcit construction of the representations of the Yangian in terms of 
difference operators is given. The exphcit description of the representation of the Yangian 
in terms of difference / differential operators acting in some functional space is based on the 
choice of a commutative subalgebra. The elements of this subalgebra act in this repre- 
sentation by multiplication on functions. The proposed construction uses the subalgebra 
generated by Ai{u) as a distinguished commutative subalgebra. However, we start with 
explicit description of the resulting representation and then we make some comments how 
it could be derived starting with the representation of commutative subalgebra generated 
by Ai{u) and using the commutation relations between Ai{u), Bi{u), and Ci{u) described in 
Section 2. 

Let us introduce a set of variables {'ji^k ',i £ T; k — l,...,mj}, where rrii are arbitrary 
positive integer numbers and let M be the space of meromorphic functions in these variables. 
Let us define the following difference operators acting on M.: 

Pi^k ^ ei^°"'°"^^-'i'K (3.1) 

where dj.^, := is a differentiation over 7^^^. It is useful to arrange the variables into the 
set of polynomials of the formal variable u of degrees rrii, i eV 

mi 

p=i 

Consider the operators 

n n>.(K-f(ai + ra„a,)) 

IT ( \ — f> ( \S^^^r=l (3.3j 



E,{u) = drV2 y s=m^^^ ^ ^ 1 (3.4) 

■rrii 

-1/2 



Fi{u) = -d^ Ri{li,k + f (tti, ad) X 



k=l 

i—1 —ttsi 



n n Ps{li,k - f (a* + ras, a,) + f (a^, «»)) (3.5) 



s=l r=l 



{u - %,k - T(ai, aO) n {li,k - li,p) 



where Ri{u) will be specified below. 
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Theorem 3.1 (i). For any set of integer numbers {nii} satisfying the condition li := 
^^j=if^jO'ji ^ consider the polynomials 

k 

Riiu) = W{u-Vi^k), (3.6) 

k=l 

where {ui^k ,i & T , k = 1, . . . ,li} is a set of arbitrary complex parameters. Then the opera- 
tors considered as formal power series in u^^ , form a representation ofY{g) in 
the space M.. This representation is parameterized by a choice of {rrij} obeying the above 
restrictions (li>0) and by arbitrary complex parameters {z/j,fe}. 

(a). Let {rrii} be arbitrary integers and Ri{u) be rational functions of the following form 

n (« - Kh) 

R,{u) = '-^ , (3.7) 

n 

fc_=l 

where {i^fk± '"^ ^ T ,k = 1,..., if} is a set of arbitrary complex parameters and If — l~ = 

Yl^j=i^j'^ji- Then the operators liS.,'^ )- \3.4^ considered as formal power series in u~^, form 
a representation ofY{b) in the space M.. This representation is parameterized by the choice 
of {mi} and by arbitrary complex parameters {i^f^}- 

Proof. To prove the theorem introduce the foUowing difference operators 

^ _ ^-V2 s=i+l r=l 1 (3,8) 

' n(7..-7..) 

and 

2—1 —asi 

n n Ps{li,k - "iica + ras, a.) + f (oi, a^)) 
Kk = -d-''^R,{i.k + f («i, a;)Y-^^ ^ ^ . (3.9) 

1 1 \1i,k li,p) 

where Ri{u) are rational functions of u. It is easy to show that the operators •ji^k, >^i,k, >4k 
satisfy the relations 

Xi,fc7i,z - lj,i>^i,k = -f (ttj, o;i)5ij5k,iXi,k , 
\ ^ / (3.10) 

{li,k - - f (fti, aj))xi^kXj,i = {li,k - + f (fti, aj))>Cj^i>Ci^k , 

(3.11) 
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[>^i,k, >(j,i] = 0, ii 7^ j, [xi^k, ^i^i] =0, k=^l, (3.12) 



Ri{li,k) n n Pshi,k - f (tti + ras, as)) 

' n (7i,fc - 7i,p) n (7i,fc - 7i,p - f ' 

(3.13) 



RAii.k + f («i, tti)) n n Ps{ii,k - f (tti + TOs, a.) + f ("i, tti)) 



I _ i-l sj^i r=l 



n (7i,fc - 7i,p) n (7i,fc - 7i,p + 



Now let us define the generators as 



n n p.(«-f(«.+m.,«.)) 

Pi[u)Pi[u - y(Q;i,ai)) 



mi ^ 

£;i(M) = V x,,fc, zgT, (3.15) 

^ M - iLk 



k=l 



mi ^ 

F,(«) = J] (3.16) 

and let R{ui) be rational functions compatible with the expansion 1)2.11) . Then the relations 
()2.2|) . ()2.3|) . and ()2.5p may be derived by straightforward calculations. If we further restrict 
Ri{u) to be polynomial functions then the additional relations ()2.4|) hold. To complete the 
proof of the theorem one should verify the relations ()2.6|) . which forms in fact the only non- 
trivial part of the proof. One can see that such a verification is reduced to the following 
combinatorial lemma. ■ 



Lemma 3.1 Let jik, x^ik, and x'^f, satisfy the relations iy.l(J\) . 0^.11}) . Then for any n 
2, 3, 4 the following formulas holds: 

= "2 ) n^"*^' + ^) ■ ( ■ • • • ■ ^^Mr^)) ■ 

s=0 o-GS„ 



(3.17) 



(3.18) 



s=0 (tGS„ 
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where 



1 

^ (3.19) 

x' := x' 



Proof. We outline the proof of the only non-trivial relations ()3.17|) . Thus, we should calculate 
the following expression for n = 2, 3, 4 

Xn= J2 [• • • ' N-fc.(n)' (3-20) 

We consider only the case of non-coincident indexes ki ^ kj for any i ^ j. The proof of the 
general case is quite similar. Let rjij = lIl!£^^2A_ Yot n = 2,3, 4, X„ may be represented as a 
sum of n\ terms of the first type: 

n 

V?j Yl{li,k - lj,m)~^{^i,k^frp [■■■, [>i^,k,^„yXj,l] + ] + ■■■]+ (3.21) 
k=l 

and n" — n! terms of the second type: 

s 

k=l a,p (3.22) 

One can reduce the terms of the second type to ( 2 ) terms of the first type as follows. Given 
In := {1, . . . , n} and the set of variables {oj, i G /}, d the following iterative formula holds. 

J](a,-rf)-i = ^(a,-rf)-i W {a,-ar)-\ 

i€ln rein ieln\{r} 

n 

The left hand side Y\ (a^ — d)~^ of this formula is exactly of the first type for := 7j,fc^ and 

d '■= 'Jj.i- The iterations on the right hand side coincide with all the terms of the second type 
(I3.22P and thus we are left with only the terms of the first type. The simple transformations 
then lead to (jirTTfl . ■ 

Finally, let us briefly explain how these representations naturally arise from the relations 
()2.11|) - ()2.19|) . Due to ()2.11|) A\^\i G F, s = 0, 1, 2, . . . generate a commutative subalgebra of 
^(fl)- We would like to construct the representation in the space of functions of the finite 
collection of the variables {^fik} such that Af"^ act through the multiplication by certain 
functions of {'jik}- It is natural to look for the representation of Ai{u) in the form Ai{u) = 
Xi{u)Pi{u) where Pi{u) are given by ()3.2|1 and Xi{u) = 1 + are some jik- 

independent series. From the commutation relations ()2.1H) - ()2.19j) one derives that Bi{^i^k) 
and (Cj(7i,fc))"^ are proportional to the shift operator ()3.1|1 . Therefore, by ()2.9|1 the residues 
of Ei{u) and Fi{u) are proportional to the Bii^i^k) and Ci{'ji^k) respectively. This explains 
the ansatz ()3.15|) . and ()3.16|) for the generators Ei{u) and Fi{u). 
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4 Symplectic leaves of the Yangian and the monopole 
moduli spaces 



In this section we describe the Poisson geometry relevant to the description of the Yangian 
representations proposed above. It appears that this leads to the direct connection with 
moduli spaces of G-monopoles such that Lie{G) = g. 

Let Yci{g) and Yci{b) be the Poisson algebras corresponding to the classical limit of Y{g) 
and Y{b) in the sense of The elements Yci{q) may be described as functions on the 

formal loop group LG- based at the trivial loop g{u) = e where e G G is unity element. We 
use its parameterization in terms of the infinite series of the form F{u) = Yl'^o ^^^^ 



u 



-s-l 



The description of the Poisson algebra Yci{q) in terms of the generators and relations can 
be obtained from ()2.2|) - ()2.6p by taking the limit /i — > 0: 

{/i,(M),/i,(t;)} = 0, (4.1) 
hi{u){ej{u) - Cjiy)) 



{hi{u),ej{v)] = - {ai,aj) 

u — V 



n = l-aij, (i^j). 
10 



(4.2) 



{ei{u),fj{v}} = -6ij , (4.3) 

u — V 



r / N / NT / (ej(M) - ei{v)Y 
{ei{u),ei{v)} = -{ai,ai) , 

u — V 

( -ei(w))2 
u — V 

{e.{u), eAv)} = -(«., fA^lhM^^ _ (ef , (e,(n) - e,(.))} ^ (4.4) 

U — V U ~ V 

{/.(.),/,(.)} ^ („... y-M«W-/^(")) _ {/r. (/,(") -AW)} , 

u — V u — V 



{ei(M^(i)), {ei(M^(2)), . . . , {ei(M^(„)), ej{v)\ ...}} = , 

o-G6„ 



There exists the following simple interpretation of the generators hi{u) , ei{u) , fi{u) . Let us 
fix the Gauss decomposition of an element g{u) G 

e 

g{u) = exp ( ^ fa{u)Fa) ■ exp ( ^ (f)i{u)Hi) ■ exp ( ^ eaiu)Ea) , (4.6) 

a i=l a 

where Hi, Fa, provide a basis of g labeled by positive roots a, and (f>i{u), fa{u), ea{u) are 
the local exponential coordinates on the group LG_. Note that we consider the functions 
on the formal loop group LG_ (i.e. we deal with functions on the formal neighbourhood 
of e G LGJ) and thus the Gauss decomposition ()4.6j) is valid "everywhere". The func- 
tions ei{u) := e^. (u), fi{u) := faiiu) corresponding to the simple roots ctj together with 
hi{u) = Gw{~Yl^j=i'^ji't>j{u)} give us a set of the generators satisfying the relations ()4.1|1 - 
()4.5|) . The local coordinates ipi^u) , ei{u) , fi{u) may be expressed explicitly in terms of the 
matrix elements of the fundamental representations of U{q). Let {vTj} be a set of funda- 
mental representations corresponding to the fundamental weights {ui} of g and be 
the highest /lowest vectors in these representation. Denote by ai{u), hi{u), Ci{u), di{u) the 
following formal series 

ai{u) = (t;i*Vi(5'(M))|f?) , 
k{u) = {v^^\7r,{g{u))7ri{Fi)\vf), 

d,{u) = {v^^\7Ci{E,)'Ki{g{u))7c,{Fi)\vf) 



(4.7) 



Lemma 4.1 The coordinates corresponding to the simple roots and Cartan elements enter- 
ing the Gauss decomposition (|^.6| ) can be expressed through the matrix elements d^. 7| ) as 
follows 

e^'W =a,(M), 
bi{u) 



ei{u) 



a.{u) ' (4. 

Ci{u) 



ai[u) 



The variables ai{u) , bi{u) , Ci{u) , di{u) are the classical counterparts of the variables Ai{u), 
Biiu), Ci{u), Diiu) defined in pTj) . (jT^ . (jTTTl|) . A similar description of F(0[(£ + 1)) was 
given in |3j (see also [12], |22])- In this case the functions ai{u),bi{u),Ci{u),di{u) are given 
by the minors of the matrix ■n^{g{u)) where tt^, is the tautological representation ti^ : 0[(£ + 
1) — * End(C^"'"^), which agrees with ()4.7|1 . Let us remark that ()4.7|1 may be considered as 
a classical counterpart of the universal R-matrix map of the dual Hopf algebra with the 
opposite comultiplication to the Hopf algebra A (see |2j for details). Together with the 
explicit Gauss form of the universal i?-matrix this should provide the quantum version of 
Lemma f4. II The simplest example of Y{s[{2)) may be extracted from [T7] . 
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Now consider the classical counterpart of the Yangian representations constructed in the 
Section 3. These representations have the following property: the images of Ei{u) are rational 
operator-valued functions in u with simple poles. Given the Poisson brackets (j4.H) - (j4.5|) on 
LG-, the representations of the Yangian correspond to the symplectic leaves in LG-. A 
similar description holds for Yci{b) in terms of the symplectic leaves in LB^. We define the 
symplectic leaf O to be rational if the restriction of the generators ei{u) is a rational function 
over u and let C (9 be an open part corresponding to ei{u) having only simple poles. 
Thus the symplectic leaves corresponding to the representations constructed in Section 3 are 
rational. One can describe the symplectic leaves as symplectic manifolds as follows. Open 
parts O*-^'' of the rational symplectic leaves in LB_ corresponding to the representations 
constructed in Theorem 13.11 are isomorphic (as abstract manifolds) to the open subsets of 
the space of A1b(m) of the based rational maps 

e = (ei, ■■■ ,ei) : {¥\ oo) ^ ( P^ x ■ ■ ■ x P^^ ,0 x ■ ■ ■ x 0), (4.9) 

e 

of the fixed multi-degree m = (mi, ■ ■ ■ ,m£) where ei{u) are the generators of Yci{b) corre- 
sponding to simple roots. Analogously open parts O^^^ of the rational symplectic leaves of 
LG- corresponding to the representations constructed in Theorem 13. II are isomorphic to the 
open subsets of Aib{m) with additional restrictions Yl^j=i ^jO-ji = G Z_|_. 

Taking into account the results of [E] one can reformulate the description of the sym- 
plectic leaves as follows. Consider the space }A{m) of the holomorphic maps G/B 
of multi-degree m = (mi, . . . , m^) e A^^, where A^^ = H2{G/B, Z) is the co-weight lattice 
of g. It will be useful to consider G/B as a manifold parameterizing the Borel subgroups 
in G. Choose some Borel subgroup B+ and let 6+ C G/B be the corresponding point in 
the flag manifold. Let us fix the local coordinate on P^ and consider the evaluation map 
evoo '■ M{m) — > G/B defined clS GVoQ '• f /(oo). Thus A4{m) is supplied with the 
structure of the fibred space over G/B and the fibre is naturally identified with the moduli 
space 7Wfe(m) of the based holomorphic maps / : (P\ cx)) — > {G/B,b+) of the multi-degree 
m. It appears that the open part of A^;,(m) can be naturally identified with the moduli 
space Aibi™-) introduced above. Actually this follows from the results of Drinfeld in the 
form presented in ^2]. Thus it was shown in J3] that Aibi™-) is a smooth manifold of 
dimension 

dim7Vlf,(m) = 2|m| = 2(mi + . . . + mg). 

The explicit description of the manifold A^b(m) can be obtained by generalizing the classical 
Pliicker embedding of G/B into the product nicr^(^i) projectivisations of the 

fundamental representations K;. as follows. Let ttx '■ U{g) EndiVx) be the irreducible 
representation of the universal enveloping algebra U{q) with the highest weights A and 
V\ = Vx® Opi be the corresponding trivial vector bundles on P^ Using the local coordinate 
we identify r(A\ Va) = Vx ® C[u]. Denote by the highest weight vectors in Vx with 
respect to the Borel subgroup B+. Similarly let be the lowest weight vector in the dual 
representation normalized by the condition {v^\v^) = 1. We also introduce the additional 
set of vectors Trx{Fi)v^, 7ix{Ei)v^ where Fi and Ei are the generators corresponding to the 
simple roots ctj. Thus given a section G r(A^,VA) we have the following decomposition 
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v^{u) = ax{u) ■ + EiGr^l(«)^A(i^i)t^+ + with (f)^ C r(A\ Va) satisfying = 

According to Drinfeld (see ^3] for the details) the moduh space A^;,(m) is isomorphic to 
the space of the collections of sections ^'^(m) for each A G satisfying the conditions 

1. The polynomial ax{u) is monic of degree (m, A); 

2. The degree of {v^ — ax{u)v^) is strictly less then (m, A); 

3. For any G-equivariant morphism (p : Vx ^ V^^ —>■ Vi, such that u = fi + X and the 
conjugated morphism satisfies (j)*{v'^) = v^®v^ we have (f){v^ ® v^) = v'^; 

4. For any G-equivariant morphism : ® such that z/ < /x + A we have 
(f){v^ (g) vf") = 0. 

It is easy to see that the set {v^, A G A^} satisfying these conditions is determined by its 
subset {v^'} corresponding to fundamental representations uJi. Moreover, given arbitrary 
polynomials a^^i^u) bl^.^u) satisfying the conditions (1) and (2) above (i.e. a^^u) are 
monic and deg^a^jj = deg{U^^) + 1 = rrii) there exist such (p'^^iu) that for v'^^iu) = a^j^u) ■ 
v%' + U^^{u)'K^XFi)v+ + the conditions (3) and (4) hold (see [13 , [10] for details). 

Let us consider the subset of the polynomials a^,, and hu)^ such that the roots ^i^k of a^j. {u) 
do not coincide 7j,fc 7^ 7j,z for (i, fc) ^ (j, 0- The space of such polynomials ai(u) = atj.(M), 
bi{u) = blj.{u) is 2 1 m I -dimensional and thus is isomorphic to the open subspace in the moduli 

space Al6(m). Note that the polynomials ai{u) and bi{u) define the map e G A^b(m) 

(P\ oo) ^ ( P^ X . . . X P^^ ,0 X ... X 0), 

given by 

e(u) = {bi{u)/ai{u)) x ... x {bt{u) / a^{u)). 
Therefore we have established the isomorphism of the open parts of the moduli spaces 

: Mb{m) — > Mb{m). 

One can summarize this in the following 

Proposition 4.1 (i) The open parts O^^^ of the rational symplectic leaves of Yci{b) corre- 
sponding to the representations constructed in Theorem \3.1\ are isomorphic to the open parts 
of the spaces of the based maps 

(P\oo)^(G/fi,fe+) (4.10) 

of the fixed multi-degree m = (mi, ■ ■ ■ , m^) G H2{G/B,7j). 

(a) The open parts O'-^-* of the rational symplectic leaves of Yci{q) corresponding to the 
representations constructed in Theorem \3.1\ are isomorphic to the spaces of the based maps 
\4-l^ with additional restrictions Yl^j=i^j'^ji = 
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The connection with the exphcit parameterization used in the previous sections is as follows. 
Let us parameterize the open subset U C Aib^m) by the following etale coordinates 

{Xi,k: yi,k)i i = 1, ■ . ■ , i, k = 1, . . . , Uli 

defined by the conditions 

Then the coordinates {xik, yik) sue related to the coordinates (7i,fc, Xj j^) by the simple redef- 
inition 

Xi,k = li,k, (4.11) 
yt,k = Xi,fc JJ(7i,fc - 7i,s) • (4.12) 

s^k 

Note that the classical limit of the relations ()3.1()j) . ()3.11|) provides the open part of the space 
A4b{m) with the holomorphic symplectic structure 

H,k,lj,i} = 0, (4.13) 
{7i,fc,>fj,«} = l{ai,ai)Sij6k,iXj,i , (4-14) 

{>ii,k, = {ai,aj) , {i,k)^{j,l), (4.15) 

li,k - 

or equivalently in the coordinates {xi^k, yi,k) 

{xi^k.Xj^i} = 0, (4.16) 
{yi,k,yr,i} = 0, (4.17) 

{xi,k,yj,i} = \{.0ih0ii)5i,j5k,iyj,u (4-18) 

{yi,k,yj,i} = {ai,aj) , i^j. (4.19) 

In general the symplectic leaves of the Poisson-Lie group G are connected components of 
the intersections of the double cosets of the Poisson-Lie dual G* in G x G with the diagonal 
G G G X G [25 . We are going to discuss the connection of this description with the algebro- 
geometric description considered above in the separate publication. 

It appears that description of the symplectic leaves of the Poisson-Lie groups associated 
with the Yangian given in this section provides a direct connection with the moduli spaces 
of the G-monopoles with the maximal symmetry breaking. These moduli spaces are also 
given by the spaces of the based maps ^ G/B [22] ■ Our construction provides 

the holomorphic symplectic structure on these spaces. The explicit description of the holo- 
morphic symplectic structure on the moduli space of the monopoles was given in the case 
of G = SU{N) in [HI (generalizing the results for SU{2) of j^) and for general case in (TU]. 
It turns out that our description of the coordinates on the moduli space and the expression 
for the Poisson structure in coordinates {xi^k,yi,k) exactly matches the description given in 
|lUj . Thus the representation constructed in Section 2 can be considered as a quantization 
of the moduli space of the monopoles. 
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